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The characteristics of field electron and ion emission change when the space charge formed by
the emitted charge is sufficient to suppress the extracting electric field. This phenomenon is well
described for planar emitting diodes by the one dimensional (1D) theory. Here we generalize for
any 3D geometry by deriving the scaling laws describing the field suppression in the weak space
charge regime. We propose a novel corrected equivalent planar diode model, which describes the
space charge effects for any geometry in terms of the 1D theory, utilizing a correction factor that
adjusts the diode’s scaling characteristics. We then develop a computational method, based on the
classical Particle-In-Cell technique, which solves numerically the space charge problem. We validate
our theory by comparing it to both our numerical model and existing experimental data.
The current extracted from an electron emitting cath-
ode or an ion emitting anode can be increased by apply-
ing higher electric fields, increasing the emitter temper-
ature or irradiating it with light. However, the current
density cannot increase beyond a certain limit, due to the
space charge effect [1, 2], i.e. the suppression of the ex-
tracting field due to the space charge formed by the emit-
ted particles. The space charge (SC) effect plays a very
significant role in all forms of electron and ion sources [3–
9] and is of paramount importance for the understanding
of the ignition of vacuum arcs [10–13].
Despite this importance, there is no general three di-
mensional (3D) theory describing the SC effect for curved
emitter geometries, mainly due to the high complexity of
the problem. In order to calculate the SC effects one
has to solve self-consistently three coupled problems: the
Poisson equation, the continuity equation, and the elec-
tron emission equation. This is possible by utilizing var-
ious numerical methods, such as Particle-In-Cell (PIC)
[14–16], molecular dynamics [17], or the point charge
method [18].
Analytical solutions of the SC problem exist only for
1D geometries. For instance, Child [1] and Langmuir [2]
solved the problem for a planar diode geometry and the
special case of fully SC-limited charge flow, i.e. with a
boundary condition of zero electric field at the emitting
electrode. To distinguish this case from the general prob-
lem with a non-zero field at the emitter, we shall call it
special SC problem. Later on, Langmuir and Blodgett
developed analytical solutions of the special SC problem
for non-planar –but, still 1D– geometries of concentric
cylindrical [19] and spherical [20] electrodes. In a recent
work [21], it was shown that both problems yield general
scaling laws similar to the planar diode.
∗ akyritsos1@gmail.com
The general SC problem, which is relevant for field elec-
tron and ion emission, was solved for the planar case by
Stern et. al. [22]. This solution has been widely used as a
reference model to estimate the SC effects on field emis-
sion [5, 23–25], due to its simplicity and intuitiveness.
The connection of the planar model to an experimental
emitter geometry is typically done via the equivalency
introduced by Barbour et. al. [8], i.e. by assigning the
real values of voltage and cathode field to a planar diode.
However, PIC simulations [13, 15, 16] have clearly
shown that this equivalence is not always valid, as it tends
to significantly overestimate the SC suppression of the
field, and thus may lead to wrong values of emission cur-
rent from a 3D emitter. In this work, we tackle this prob-
lem by developing a general 3D theory for space charge
suppressed emission. We derive the general scaling laws
for the emission behavior in the weak SC regime, by in-
troducing the corrected equivalent planar diode (CEPD)
model and showing that any 3D emitter is equivalent,
regarding SC, to a planar diode of a certain corrected
inter-electrode distance. We calculate the correction fac-
tors analytically for the spherical and cylindrical diode
problems and numerically for generic 3D geometries. We
finally validate our model by comparing to both numer-
ical calculations and existing experimental data.
The standard formulation of the SC problem adopted
already since Child’s work [1], assumes a continuous den-
sity distribution of the emitted charge ρ(r) and zero ini-
tial velocity for the emitted particles. Some studies have
considered the case of non-zero initial kinetic energy [18],
but since the latter is of the order of a few eV, we shall
consider it negligible for the cases of emission under high
electric field. Under these assumptions, the Poisson equa-
tion becomes ∇2Φ = kJ(r)Φ−1/2, with boundary con-
ditions Φ = 0 at the emitter and Φ = V at the col-
lector electrodes. Here Φ is the electrostatic potential,
k = −10
√
m/2q is a constant that depends on the mass
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2to charge ratio m/q of the emitted particles and the di-
electric constant 0; V is the applied voltage. The current
density distribution J(r) obeys the continuity equation
∇ · J = 0, with boundary condition J(rs) = Js(rs)nˆ(rs),
where Js(rs) is the emitted current density and nˆ(rs) is
the normal unit vector at the emitting surface point rs.
In order to obtain J and Φ, the above equations have to
be solved self-consistently, along with the surface emis-
sion laws that give Js(rs) as a function of the local electric
field F (rs).
This problem cannot be solved analytically, apart from
the planar case, where J is constant. In this case, the
solution of the 1D Poisson equation for a planar emitting
diode with a gap distance d, voltage V , current density
J and cathode field F , yields [22]
6(kJ)2d− F 3 =
(
2kJ
√
V − F 2
)√
4kJ
√
V + F 2. (1)
In case the current density J is supplied at the cath-
ode as a function of the cathode field F , (e.g. field
electron or ion emission), eq. (1) needs to be solved
self-consistently with the law that describes the supply-
limited current density J(F ), e.g. the Fowler-Nordheim
(FN) law [26, 27] or its modern variants [28, 29]. Barbour
et. al. [8] used approximate methods to achieve this self-
consistency, while modern iterative numerical methods
allow for a more accurate solution at low computational
costs [12].
Eq. (1) can be simplified by introducing the reduced
dimensionless variables [23–25] θ ≡ Fd/V = F/FL and
ζ ≡ kJd2V −3/2 = kJd1/2F−3/2L = kJV 1/2/F 2L, yielding
3θ2(1− θ) = ζ(4− 9ζ). (2)
In (2), θ is the “field reduction factor”, i.e. the factor
by which the field has been reduced from the “Laplace
field” FL ≡ V/d due to the SC. ζ is indicative of the
“space charge strength”, since it is evident from (2) that
θ reduces from 1 to 0 (F from FL to 0) as ζ increases from
0 to 4/9, where the Child law [1] limit occurs. Eq. (2)
can be solved analytically [24]; yet, it is more convenient
to express the physical solution in a perturbation series
around ζ = 0, yielding
θ = 1− 4
3
ζ − 5
9
ζ2 − 16
27
ζ4 + · · · . (3)
Truncating this series at the linear term yields a good
approximation with an error of less than 10% for ζ <
0.25 and θ > 0.6. This “weak SC regime” covers most
practical cases in field electron and ion emission, where
typically Js . 1012A/m2) [4, 6]. The generalization of
this scaling behavior of θ(ζ) for non-planar geometries is
the main purpose of this work.
Consider an emitter with a general 3D geometry and
a point of interest rs at the emission surface, with lo-
cal field F . We shall express the Poisson equation in
terms of the reduced variables φ ≡ Φ/V , J(r) = Jsξ(r),
where Js = J(rs) and ξ(r) is a unitless variable express-
ing the variation of the current density from rs. Assum-
ing that the distribution of the surface emission Js does
not vary significantly and using the linearity of the con-
tinuity equation, we can approximate that ξ(r) depends
only on the emitter geometry and not on Js. Finally,
we use the reduced space coordinate r˜ = r/χ, where χ
is the “conversion length” χ ≡ V/FL (FL is the Laplace
(J = 0) field at rs). The Poisson equation becomes
∇˜2φ(r˜) =
(
kJsχ
2
V 3/2
)
ξ(r˜)√
φ(r˜)
, (4)
where ∇˜ denotes derivatives with respect to r˜.
The significance of the above equation becomes evident
in view of the correspondence of the parameter in the
parenthesis ζ ≡ kJsχ2V −3/2 = kJsV 1/2/F 2L with the
space charge strength of the planar diode. The classical
planar diode equivalence [8, 25] corresponds to inserting
the above ζ to eq. (3), or equivalently substituting d with
χ in eq. (1). Now we shall derive an asymptotic expansion
similar to eq. (3) for a general 3D geometry, showing that
the above equivalence is not valid, and propose a new one
that holds up to the first order on ζ  1.
We express eq. (4) in its integral form, utilizing the
Green’s function for Dirichlet problems [30] G(r˜, r˜′),
i.e. the solution of the boundary value problem (BVP)
∇˜2rG(r˜, r˜′) = δ(r˜ − r˜′) on Ω, G(r˜, r˜′) = 0 on ∂Ω, with
δ(·) being Dirac’s functional and Ω the vacuum domain.
Then the solution can be written in the form of a Fred-
holm integral equation as
φ(r˜) = φ0(r˜) + ζ
∫
Ω
G(r˜, r˜′)ξ(r˜′)√
φ(r˜′)
d3r˜′, (5)
where φ0(r˜) is the Laplace solution (ζ = 0). For ζ  1,
φ(r˜) can be expanded in an asymptotic series using the
Adomian decomposition method [31], as
φ(r˜) = φ0(r˜) + ζ
∫
Ω
G(r˜, r˜′)ξ(r˜′)√
φ0(r˜′)
d3r˜′ +O(ζ2). (6)
By taking the gradient we obtain a similar expansion for
the field reduction factor θ = F/FL
θ = 1− 4
3
ωζ +O(ζ2), with
ω ≡ 3
4
∫
Ω
∇˜rG(r˜, r˜′)
∣∣∣
r˜s
ξ(r˜′)√
φ0(r˜′)
d3r˜′.
(7)
The above equation demonstrates the inadequacy of
the standard planar diode equivalence of Refs [8, 25].
The scaling of θ(ζ) for ζ  1 is the same as the planar
diode only if ω = 1, which does not hold in general.
However, ω can be incorporated as a correction to the
planar model. Thus, for a given geometry and a surface
point rs, we define the corrected equivalent planar diode
model, for which the SC strength is ζc = ωkJsχ
2V −3/2 =
3ωkJs
√
χ/F
3/2
L . Practically, the CEPD model can be used
by replacing ζ = ζc in eq. (2), or using the CEPD gap
distance dc = ω
2χ and voltage Vc = ω
2V in eq. (1) and
solving for F . Alternatively, one can substitute directly
V and d = χ in (1), as in Refs [8, 25], but use a corrected
current density value Jc = ωJs.
The usage of a correction factor such as ω has been
proposed by Forbes [25]. Here we define and calculate it
rigorously. ω can be formally calculated for a given emit-
ter geometry and point rs using (7), which is though quite
cumbersome. It is practically more convenient to calcu-
late θ(ζ) numerically (e.g. by PIC) for a given geometry,
and fit ω to the results, thus yielding a more general and
computationally cheap approximate solution of the SC
problem. Before advancing to such simulations, we shall
focus on two diode geometries, for which the CEPD can
be obtained analytically, giving useful physical insights.
The geometries of the spherical and cylindrical diodes,
for which the electrodes are two concentric spheres or
cylinders correspondingly, have attracted theoretical in-
terest since the early SC studies [19, 20, 32, 33]. Lang-
muir and Blodgett [19, 20] solved the specific SC prob-
lem for both geometries. Furthermore, for the spherical
case, which has been recently used to model sharp field
emitters [5], Aizenberg [33] obtained an approximate so-
lution for the general SC problem. Here we apply the
CEPD model and calculate ω for both geometries, thus
obtaining the corresponding scaling laws for the weak SC
regime. It yields
ω(S) =
3
4
(
2− 1r˜
)
log
(√
r˜ +
√
r˜ − 1
)
−
√
1− 1r˜(
1− 1r˜
)3/2 ,
ω(C) =
3
4
(r˜ + 2r˜ log(r˜))D
(√
log(r˜)
)
− r˜√log(r˜)
[log(r˜)]
3/2
,
(8)
for the spherical and cylindrical diodes correspondingly,
where r˜ is the ratio between the emitter and the collector
radii and D(·) denotes the Dawson function [34]. The
full derivation is given in SM1. In order to validate the
above results, we solved the Poisson equation numerically
by the Runge-Kutta method [35]. The results are shown
in figure 1 where we plot the field reduction factor θ vs
both the SC strength ζ (dashed lines) and the corrected
one ζc = ωζ (solid lines), for various values of r˜, both for
the cylindrical and the spherical diodes.
It is evident from the dashed θ(ζ) curves, that both the
cylindrical and spherical geometries deviate significantly
from the planar one and behave very differently depend-
ing on the radii ratio r˜. However, after the correction
ζc = ωζ, they all collapse in a curve that is very close
to the planar one. Hence, the CEPD model can describe
accurately these two curved geometries for a very wide
range of parameters. We note that the field suppression
given by the CEPD model starts deviating significantly
only for the strong SC regime, θ . 0.2, while in the
derivation of the model we aimed to fit only the linear
FIG. 1. Field reduction factor θ = F/FL vs ζ =
ωkJs
√
χ/F
3/2
L (dashed lines) and ζc = ωζ (solid lines), for
spherical and cylindrical field emitting diodes with various
electrode radii ratios r˜ = r/R. The linear approximation
1− 4
3
ζc is shown for comparison.
term of eq. (7) (dashed line). Such an excellent agree-
ment demonstrates the validity of the model far beyond
the weak SC regime, which is limited to θ & 0.6.
Now we shall generalize the calculation of ω, using a
numerical method applicable to any geometry. Our tech-
nique is based on the finite element code FEMOCS [36],
which has been recently enhanced with PIC capabilities
[13]. Here we do not aim to reproduce the temporal evo-
lution of the SC distribution, but only the steady state,
which is reached in a sub-picosecond timescale [13]. In
the steady state the electric field distribution is constant
and all particles emitted from a given point follow the
same path to the collector. Therefore, there is no need
to solve the Poisson equation concurrently with the parti-
cle movement, but rather obtain a self-consistent solution
of the electric field distribution and the particle trajecto-
ries. A similar method has been used before by Zhu and
Ang [16]. The details of our implementation are given in
SM2.
In order to obtain the CEPD parameter ω for a given
point on the emitter, we calculate Js for various applied
voltages V , using the above numerical method. We then
fit ω by minimizing the error between the accurate nu-
merical results and the CEPD model (see SM3 for de-
tails). The resulting value of ω varies on the emitting
surface, mainly due to the variation of the current den-
sity distribution ξ(r˜) in the vicinity of each point. How-
ever, this variation is small in the emission area (less than
10%), allowing to use a single effective value ωeff describ-
ing the whole emitter geometry, without significant loss
of accuracy. The value of ωeff is fitted by minimizing the
deviation between the I − V curve as calculated numeri-
cally and as estimated by the CEPD model.
Although our theory and computational methods are
general with respect to the kind of emitted particles (elec-
trons or ions) and the electrode geometry, we shall now
focus on a specific problem of field electron emission, for
4which experimental data are available for comparison. In
the experiments of Ref. [8], an electrochemically etched
tungsten (W) cathode was utilized to take I − V mea-
surements at both low and high currents. The cathode
was then coated with Ba in various coverages, in order to
reduce the work function W and reach SC-relevant cur-
rent densities at achievable applied voltages. The shape
of the cathodes used by the Linfield [4, 8, 10, 37, 38] was
described by the general sphere-on-a-cone (SOC) model,
developed in Ref. [39]. Here we simulate the cathode
used in Ref. [8], using this geometry model with the typ-
ical parameters given in Ref. [39]. The apex radius of
curvature r0, which scales the whole cathode shape was
treated as a free tune-able parameter. The details of the
emitter geometry and the finite element mesh are given
in SM4.
FIG. 2. Experimental I − V curves for various work func-
tions for the emitter used in Ref. [8] (dots), along with
the corresponding calculations using the CEPD model with
ωeff = 0.8 (solid lines) and the standard EPD model (equiva-
lent to ωeff = 1) are shown in dashed lines for comparison.
In figure 2, we compare the experimental data of Ref.
[8] (dots) with our calculations using the CEPD model.
We chose r0 = 315 nm by fitting the theoretical curve for
work function W = 4.5 eV to the experimental data for
a clean tungsten cathode, in the low-field regime where
SC effects are negligible. r0 determines both the conver-
sion length χ (equivalently the enhancement factor β),
i.e. the slope of the curve, and the effective emission
area, i.e. the vertical shift of the curve. We see that
the value r0 = 315 nm, which yields a calculated con-
version length χ = 2.353 µm, produces an almost perfect
match to the measurements. Furthermore it is compati-
ble with the shape extracted by the emitter micrographs
in Ref. [8] (see SM4 for details). Although the work
function varies even on the surface of a clean emitter, we
assumed a uniform effective work function W for all the
curves, indicated in the legend. For the clean surface we
assumed the standard tungsten value of 4.5 eV, in line
with Ref. [8]. The corresponding values for the coated
cathodes, for which no prior knowledge is available, were
fitted to match the measurements in the low field regime,
after choosing r0 from the clean-surface curve. Finally,
we note that for the lowest work function case, the cur-
rent was multiplied by a fitted correction factor of 0.78,
to account for the reduction of the effective emission area
due to the increased non-uniformity of the work function,
evident from the corresponding micrograph of figure 5 in
Ref. [8]. We then used the numerical method described
above to calculate the CEPD model correction factor for
this emitter geometry, yielding a value ωeff = 0.8.
We see that the CEPD model predicts very accurately
the curvature of the experimental plots caused by the
SC effects at high fields. Surprisingly, the standard EPD
model introduced in [8] gives also good agreement with
the measurements. This is due to the fact that ωeff is
close to 1, resulting in a minor deviation between the
EPD and CEPD models, as seen by the hardly distin-
guishable dashed curves.
FIG. 3. Comparison of I − V curves for emitters of vari-
ous cone apertures γ as calculated by PIC (dots) and by the
CEPD (solid lines) and EPD (dashed lines) models. The cal-
culated correction factor ωeff of the CEPD model is given in
the legend for each geometry. The experimental data [8] for
the clean emitter are given for comparison.
However, this is rather a coincidence, specific to this
particular geometry. In figure 3 we plot I − V curves
for different geometries, varying the cone aperture γ (see
SM4 for details). We see that as γ increases, ωeff de-
creases along with the field enhancement. This results
in a significant deviation of the EPD model from the
PIC calculations, while the CEPD model agrees with PIC
much better.
In conclusion, we have developed a new general three-
dimensional theoretical model, describing the scaling
laws of space charge limited charge emission at high elec-
tric fields. We validate our model by comparison to
both numerical calculations and existing experimental
field emission data, while showing that the existing one-
dimensional models give a strong overestimation of the
space charge effect.
5ACKNOWLEDGMENTS
The current study was supported by CERN’s CLIC
K-contract No. 47207461 and the Estonian scholarship
program Kristjan Jaak (Grant No. 16-4.2/653). We
also acknowledge grants of computer capacity from the
Finnish Grid and Cloud Infrastructure (persistent iden-
tifier urn:nbn:fi:research-infras-2016072533).
SUPPLEMENTARY MATERIAL
SM1. Derivation of the CEPD for the spherical
and cylindrical geometries
In both the spherical and cylindrical geometries, the
solution of the continuity equation can be obtained from
the Gauss law, yielding ξ(r) = (R/r)n, where r is the
radial coordinate, R is the radius of the emitter, and n =
1, 2 for the cylindrical and spherical case correspondingly.
Then the Poisson equation becomes
d
dr
(
rn
dΦ
dr
)
=
kJsR
n
√
Φ
, (9)
where Js is the current density at the emitter surface,
which is uniform due to symmetry. Now it is more
convenient to solve the equivalent initial value problem
(IVP) rather than the boundary value problem (BVP)
addressed previously. Thus, we shall obtain the poten-
tial at radius r as a function of the field on the emitter F .
Then this function shall be inverted in order to obtain F
as a function of a fixed potential Φ(r), which corresponds
to an applied voltage V = Φ(r) at an electrode residing
at r.
For this purpose, we shall use the reduced variables
r˜ = r/R, φ = Φ/FR and solve the IVP
d
dr˜
(
r˜n
dφ
dr˜
)
=
kJs
√
R
F 3/2
1√
φ
=
λ√
φ
,
dφ
dr˜
∣∣∣∣
r˜=1
= 1.
(10)
The parameter λ ≡ kJs
√
RF−3/2, as well as ζ, is in-
dicative of the SC strength. We shall call λ ”implicit
SC strength”, in contrast to the explicit one ζ, because
ζ depends on the applied voltage V (or equivalently on
the Laplace field FL = V/χ). The latter is the a priori
known free variable, unlike F , which is to be obtained.
The solution of (10) can be expressed in terms of a
Volterra integral equation of the second kind as
φ(r˜) = φ0(r˜) + λ
∫ r˜
1
κ(r˜, r˜′)√
φ(r˜′)
dr˜′, (11)
where φ0(r˜) is the solution of the Laplace equation (λ =
0), and the integration kernel κ(r˜, r˜′) is the Green func-
tion for the differential operator in the left hand side of
eq. (10). It is
φ0 = 1− 1/r˜, κ = (r˜ − r˜′)/r˜r˜′ (12)
for the spherical case and
φ0 = log(r˜), κ = log(r˜/r˜
′) (13)
for the cylindrical one. Eq. (11) can be solved in the
form of an asymptotic power series
φ = φ0 + φ1λ+ φ2λ
2 + · · · (14)
using the Adomian decomposition method. The first-
order term is obtained by inserting φ0 in the integral and
yields
φ
(S)
1 =
(
2− 1
r˜
)
log
(√
r˜ +
√
r˜ − 1
)
−
√
1− 1
r˜
,
φ
(C)
1 = (r˜ + 2r log(r˜))D
(√
log(r˜)
)
− r˜
√
log(r˜),
(15)
for the spherical and cylindrical cases correspondingly.
In eq. (15), D(·) denotes the Dawson function [34].
Now we shall use this to obtain an approximation for
the Laplace field FL and the field reduction factor θ =
F/FL. Given the potential Φ at distance r, the Laplace
field on the emitter is FL = Fφ(r˜)/φ0(r˜). Hence, we can
write
FL = F
(
1 + λ
φ1
φ0
+O(λ2)
)
, (16)
which gives FL as a function of (F, J,R, r) in the
form of a Maclaurin series on J . The inverse function
F (FL, J, R, r) can be written in a similar series. Its first
order term can be found by evaluating ∂F/∂J , utilizing
the implicit function theorem [40]. It yields
F = FL
(
1− ζ φ1
φ
3/2
0
+O(ζ2)
)
, (17)
where ζ ≡ kJ0
√
Rφ0F
−3/2
L , as defined previously.
By matching the coefficient of ζ in (17) and (3), we can
obtain the correction factor of the CEPD for the spherical
and cylindrical diodes as ω(r˜) = 34φ1(r˜)φ
−3/2
0 (r˜).
The full expressions for ω and dc are quite cumber-
some, but useful and insightful asymptotic approxima-
tions can be obtained for r  R and r ∼ R. For the
former it is
ω =
3
4
log(4r˜)
[
1 +
1
4r˜
+O
(
1
r˜2
)]
− 3
4
− 9
8r˜
+O
(
1
r˜2
)
(18)
and for the latter
ω = 1 +
2
5
(r˜ − 1) +O(r˜2), (19)
which is expected by the fact that the spherical diode
becomes similar to the planar when the electrodes have
6similar radii, i.e. the gap distance diminishes. It is worth
noting that for r˜ →∞, i.e. when the collector electrode
becomes infinitely larger than the emitter, ω scales as
log(4r˜) for the spherical case and as (3/2)r˜(log(r˜))−2 for
the cylindrical one, meaning that the cylindrical diode
deviates from the planar one much faster for increasing
r˜. Note also that for r˜ → ∞, the corrected CEPD gap
distance χ
√
ω scales as R(log(4r˜))2, while the real gap
distance as Rr˜ and the conversion length χ as R. There-
fore, utilizing directly the planar SC model would sig-
nificantly underestimate the SC effects, while Barbour’s
equivalency [8] would significantly underestimate it. The
CEPD model on the other hand produces the correct
scaling for the weak SC regime.
SM2. The steady state PIC method
In order to calculate numerically the space charge ef-
fects, we use a steady state version of the standard Par-
ticle In Cell method. We start by considering no SC and
solving the Laplace equation in the vacuum region, us-
ing the Finite Element Method (FEM), with a Dirichlet
boundary condition Φ = 0 at the emitter and Φ = V at
the collector (see figure 5). Then the electric field distri-
bution is calculated on the emitter surface and the field
emitted current density is obtained utilizing the electron
emission computational tool GETELEC [29], which eval-
uates the appropriate emission formulas. Then charged
superparticles (SPs) are injected from the surface into
the vacuum. Unlike our previous work [13], here we in-
ject one SP at the center of each surface element and
adjust the corresponding SP weight according to the lo-
cally emitted current. Thus the weight of the emitted
SP is wsp = JfAf∆t/e, where Jf is the emission current
density on a certain face element, Af is its area, ∆t is the
path integration timestep, and e the elementary charge.
After injection, the electron paths are followed by nu-
merically integrating Newton’s equations of motion, until
all electron SPs reach the top boundary of the simulation
box (anode) where they are removed. As in Ref. [13],
we use the explicit leapfrog method integration scheme
[41]. However, since here we are integrating only the elec-
tron paths without a concurrent field and emission cal-
culation, we can utilize an adaptive integration timestep.
The latter starts at 0.1 fs upon particle injection, and
is increased or decreased by 15% (value found to ensure
numerical stability) at some of the timesteps, in order to
maintain an average of 2 timesteps that the particles stay
in the same FEM cell. This adaptive timestep technique
ensures that near the emission surface, where the paths
have high curvature and the charge density is high, the
timestep is sufficiently low to give good accuracy. On
the other hand, far from the emitter where the densities
are very low and the paths have large radii of curvature,
the integration remains at feasible CPU times, even for
diode geometries where the electrodes have vastly differ-
ent length scales (note that in figure 5, R/r0 ' 2× 105).
The decrease in the necessary CPU time is several orders
of magnitude for such diodes.
At each integration timestep, the SPs give a contribu-
tion to the charge density (see eq. (5) and (6) of Ref.
[13] for details), thus building up the space charge dis-
tribution which is inserted in the assembly of the right
hand side of the finite element Poisson equation. The
latter is then solved obtaining a new electric field distri-
bution. This process is repeated as a fixed point itera-
tion, until convergence is reached, after typically 10-20
iterations. After convergence, the electrostatic potential,
field, charge density and current density distributions are
obtained. As a convergence criterion, we demanded that
the relative root mean square change on the charge den-
sity distribution is less than 10−4.
Finally, we note that for the calculation of an I − V
curve, the voltage is gradually increased with small steps,
utilizing the converged charge density of the previous step
as the initial guess of the next. This ensures the stable
and fast convergence of the fixed point iteration method,
as the initial guess is always relatively close to the desired
convergence.
SM3. Calculation of the correction factor ω
In order to obtain the CEPD parameter ω for a given
point on the emitter surface, we calculate the distribution
of Js, F, and FL on the emitting surface for various ap-
plied voltages V , using the numerical method described
above. For each point we can then calculate the corre-
sponding Js −FL curves of the CEPD model, by solving
eq. (2) self-consistently with the emission laws, using
d = χω2. Then we optimize the value of ω in order to
minimize the error between the CEPD and the numerical
curves.
FIG. 4. Emitted current density Js (left axis, blue) and lo-
cal electric field F , as a function of the corresponding local
Laplace field FL, for a point on the emitting surface with
direction θp = 45
o, as calculated numerically (markers), ac-
cording to the CEPD method with ω = 0.75 (solid lines) and
the EPD method (ω = 1, dashed lines).
7Figure 4 demonstrates such a fitting for the geometry
depicted in figure 5, for a point on the surface that has
a polar angle θp = 45
o. We see that the CEPD model
follows the PIC results very accurately, while the EPD
model deviates significantly. Finally, the effective correc-
tion factor ωeff is obtained by minimizing the deviation
of the I − V curves, as calculated numerically and by
the CEPD model. The total current I is calculated by
numerically integrating Js over the emission surface for
both cases.
SM4. The Sphere On a Cone model
The Sphere On a Cone (SOC) model was developed
by the Linfield group [39] in order to emulate the shape
of the rounded-cone emitting W tips they used. In this
model, the electrodes are shaped as equipotential sur-
faces of the electrostatic potential produced by an iso-
lated charged sphere-on-a-cone electrode. Such surfaces
are described by
(
rn − α2n+1r−n−1)Pn(cos(θ)) = C, (20)
where (r, θ) are the spherical coordinates (radius and po-
lar angle correspondingly), Pn(·) denotes the Legendre
function of the first kind [42] of order n ∈ (0, 1), α is
the radius of the sphere on the cone and C is a constant
parameter that determines which equipotential surface is
defined by the equation. The value of n is determined by
the aperture angle of the cone γ, via the relationship
Pn(cos(pi − γ)) = 0. (21)
The shapes of the two electrodes are determined by
choosing two values of the parameter C. The latter is
determined from the desired radii of curvature of at the
apex (θ = 0) of each electrode, r = r0 for the emitter
and r = R for the collector, by evaluating eq. (20).
X
Y
Z
FIG. 5. Schematic of the simulated system along with the
quadrangular tesselation used in FEM.
Figure 5 gives a comprehensive schematic of the model,
along with the quadrangular tesselation we used to solve
the Poisson equation by FEM. The blue line corresponds
to the emitter (cathode) surface, while the green one to
the collector (anode). In the inset at the upper right cor-
ner we zoom (several orders of magnitude) in the emitter
apex region, where the virtual SOC electrode that defines
the model geometry is shown in a magenta line.
Barbour et. al. [8] took micrographs of their tip and
fitted a SOC model to it, however they did not explicitly
report the parameters they extracted. For this reason, to
simulate their tip, we used the standard parameters de-
scribed in Ref. [39] n = 0.1 (corresponds to γ = 0.78o),
α/r0 = 0.235, R = 6.5 cm, and h = R, apart from the
scale parameter r0, which was fitted to the experimental
I − V data, resulting in a value r0 = 315 nm. Although
a direct comparison of these parameters to the emitter
shape extracted by Barbour et. al. from their micro-
graph is not possible, an indirect comparison gives very
good agreement. Our simulated geometry produces a
theoretical field conversion factor (eq. (3) in Ref. [39])
β ≡ χ−1 = 0.3617 µm−1, which is very close to the value
0.37 ± 0.06 µm−1 reported by Barbour et. al. for the
geometry they extracted from micrographs. Note that
the theoretical value of β is slightly lower than the one
calculated numerically, because the theoretical electrode
shapes extend to infinity. Nevertheless, to approximate
the real electrode shapes, we used a finite height h = R,
which produces a slightly higher field enhancement. The
value of h was chosen in view of the realistic electrode
setup, as depicted in figure 2 of Ref. [8].
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